enliance your studénts” geometric’ thinking?

Is geometry an

‘inent role in school mathematics. NCTM'S‘Cufriszlunr an
for School Mathematics (Standards) (28) states that for grades K—4: “the mathematics
- curriculum should include two- and three-dimensional gcometry so that students

" Lo _ ThiS material e e oo
[ P S matsrial may be protected by
» : . copyright law (Ta’tée,f?pu;é c@ﬁgy
- P S ﬁﬂAP'IjER ‘
A s

David J. Fuys »an'df AmyK Liebov

Spatial understandings are necessary for interpreting. understanding, dand

appreciating our inherently geometric world (28).

Wh‘at comes to mind when you think of “gcometry™? Whag might vour
students think? Responses would reflect the respective geometry lcarning; cxperiences
of both vou and:your students.- This chapter is intended to familiarize you with
current research on léaming and teaching geometry in the primary grades and ta help
vou .use research-based ideas fto enrich your student ‘
reading on, think about the.geometry learning environment in your classroom. What
geometry is taught, and how do you present it? What geometric-understandings and
spatial abilities do youngsters bring to the classroom, and how does vour instruction,
‘ We will review related rescarch to pro-

vide some perspectives for addressing these and other questions about leaming and

teaching geometry. =

Geometry in K—4: Goals and Contéht .,

important part of your students’ fnathematics program?. National,
d that gecometry play a prom-

state. and local K—12 curriculum guidelines recommen
d Evaluation Standards

can—

o describe, mode!, draw, and classify shapes;

‘investigate and predict the results of combining, subdividing,

§ geomctry- experienges. Before

and changingshapes:
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® develop spatial sense; , ,
* rclate geometric ideas to number and measurement ideas;
*©-recognize and appreciate geometry in their world.” (28, p. 48)

The K~4 mathematics curriculum contains a host of geometry topics. We may
TCCOgNIZE SOTIE tOpPics a5 6iies we learned in elementaiy school. Others may be legs

familiar: line of symmetry; topological ideas {open/closed curves); motion geometiy
such as slides, flips, turns; coordinates (see Fig. 9.1); and Logo geometry. Geometry
also plays an important role in many nongeometric topics. Children can represent
multiplication as repeated addition on a number line, or by an array of squares that
connects. it with area. They can use the geometry of familiar shapes ‘to build ay
A,;u‘ndcrstanding of fractions (3, 4, -14) and notions of probability. | n bar graphs children
se their understanding of size to commun icate about number. Inadequate geonictric
understanding can adversely affect learni ng of these other topics.

Geometric representations for multiplication

|VA'i 15 I nﬁ: — I A v g |
012 3 4 56 7 8 9'10111273141515

* 4x3 on a number line, -*

| ®4x3asan array of tiles. How many did you use? o .
*. Make other rectangle arrays with the 12 tiles, and write a multiplication sen-
.| femceforeach. T . _ S '
|- = Explore: What rectangle arrays ‘could you make with 11 tiles?24?
* Research idea: Investigate—how- your students‘us;e‘,ge,ometricr’epresentaﬁons \
to explain thinking strategies for facts and to s,o‘lve-'prob,lems., o J

Geometry also provides a rich context for the early development of niﬂﬂu""_"“c""
thinking, - from lower-order thinking processes such a3 identifving shapes to ""ghc_",;
order processcs such as discovering properties of ‘shapes, creati ng g,comctric.Pﬂff’{"“";
* and solving gcometric puzzles and problems in different ways 5, 11, 14, 43). ﬂ”m‘ff
we can use geometry to implement the four NCTM ' standards rclated, to pr(';c‘css;
mathematics as problems solving, mathematics as-communication, mathematics aj

t
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FIGURE 9.1 Coordinate geometry and paths ( 5, 38)
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- What are the coordiniates of Bob's house? Jims house? the park? .

* Find one way to go from Bob's house Past the library to the park, How many blocks fong was
this path? o o o o :

Explore: Find other paths. Are they all the same length? What,are the shortest?

r'édsoning, and mathematical connections. We need to ‘craft activities that feature

-Several Processes and- interrelate geometry with other areas (Fig. 9. 2). Geometry top-
-ics should not be taught in isolated units, but rather should be a natural and an -

integral part of the entire curriculum, ,
¢ Although recommendations call for a rich geometry program in K-4, research
indicates that regrettably, little geometry is taught i the elementary grades, and that

what iS-taught is often feeble in content and_» quality. (5, 13,v 31). When taught, ge-

Wenow examine five reseaich perspectives that can help us implement an en-
"C_h:('d gcometry curriculum in the primary grades. The first two focus on how young
chxldrcﬂde-velop spatial thinking, the third on'levels at which children can reason in

Bcometry, and the fourth on cencept learning. The fifth perspective involves more
8encral rescarch early childhood education. Activities and suggestions are provided
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Cut out the ta'ngfém pieces and solve these problems. - o -
. *UseDand _ -to make a $4 triangle. Can you make a.$4 square with them?
*Use__,__‘;and ' to make.a'$10 rect

7 : 'a,nvgle‘.'Wha: pthe,r shapes. can you make for $107 ‘
- Make a square. How much diditcost? ~ " =~ - — ’

Explore: Make other squares. What'do they cost?”
< Make a $20 polygon. How many sides? angles? R
Explore: How many different $20 polygons can you make?

~search-in our teaching and also how.we too

_'cén undertake “action research” in our
classrooms. _ . o
A Piagetian Perspective

How do young children perform’ on such tasks as_copying a triangle, identifying
cutout shapes, or drawing how a cardboard box would lock if we opened it up and
laid it flat on a table? Insights into how children at different ages approach such spatial
tasks arc-provided by the rescarch of Jean Piaget arid others. Piaget investigated chil-
dren’s spatial thinking through clinical tasks, such as. those below; which involved

_ 76uch 3hd Draw/Identi[y, Present the child wnth real ‘obk‘c:{,tsor cardboard cutouts;

fet himor her touch and feel around ¢ach without being allowed to see it (Fig. 9.3)-

“T'hen ask the child to name,

draw, er point to it from a collection of visible objects
(30, p: 18). o ’ R ' :
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FIGURE 9.3  Shapes for Piagetian touch and draw/identify task

oo S R R

SRR G

) Look/Trace and Draw/Construct. Show drawn ﬁgu‘reS_; let the child trace fhem with.
a finger or even guide his or her motions. ‘Without being able to look at the pieces,
have the child draw them or copy rectilinear figures, using sticks (30, p: 53).

- screen when the object is placed between a light and the screen. Present objects and
~ have the child predict and draw what its shadow on the screen would look like (30,
p. 195). ' SRS |

Look and Draw’a Shadow. Show how 2 iight casts a shadbw of anj~Abe‘<:¢t,.011 a

- Piaget found that children’s performance on such tasks was developmental in na-
ture, that is, they gradually develop spatial and geometric ideas in a spontaneous,
- independent, and age-related manner. Moreover, children first deal with topological
. aspects of shapes such as inside/outside, closed/open, then projective aspects such as
- curved/stizight-sidedness, and finally Euclidean or “size” aspects such as length, an-
- Zle size, and area. For example, on the touch and draw/identify task above, a young

-hild (ages 3-4), when given a @”, identified it o’r'a'_uioth‘er shape that is topolog-
‘ically the same (such as D ), but did not d"is'c;ih'iinate curvilinear shapes from

“ectilinear ones, perhaps identifying an oval or "\  when given a square: Chil-
Iren (roughly ages 4-6) were more active in exploring shapes tactily, and now distin-
3uished shapes according to projective aspects but did not distinguish among shapes -
1sing Euclidean aspects, perhaps picking a rectangle or triangle when given a dia-
nond. Finally, older children (about ages 6-8) explored shapes methodically, using
 Zuclidean notions, and distinguished among complex forms. ' :

_Similar results on other spatial tasks supported the contention that “topological
clations universally take priority over Euclidean relations” (30). This progression of
patial thinking from topological to projective and then to the Euclidean, known as
he “topological primacy thesis,” is the opposite of the one used in most primary
chool programs, which typically begin with measurement aspects of geometry. Some
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-educators-have-used-this-thesis as a rationale for providing “developmentally-appro-——
priate” topological and projective experiences before Euclidean ones. They suggest
that we give children qualitative activities before quantitive measurement tasks {33,
. ++ " 36) and provide environments that include building blocks (9, 35, 36), shadow-
- " geometry (22, 36), and explorations of shapcs drawn on balloons or made with -
Cuisenaire rods or modeling clay (9, 29, 36).
The topological primacy thesis is not uniformly supported by all the research.
Some topological concepts such as “inside/outside” were found to develop earlier
than others such as order and continuity (23). A study involving over 600 first graders
" in a program that included topological activities indicated that without studying to-
pology, children could correctly answer about 70 percent of the topology questions
posed, and that with instruction there was little improvement (37). Also, children
learned Euclidean concepts without instruction on topological ideas. The investiga-
tor concluded that early programs in geometry that first deal with topology or that
stress “knowledge” of. content arc not warranted. Rather, teachers should provide

. activities that sharpen youngsters’ geometric thinking. Topological primacy thesis

aside, this recommendation is in the spirit of Piaget's constructivist view that chil-

. drén. develop spatial concepts by acting on objects and reflecting on their actions,

not simply by looking at the objects. In our classes, we can use modifications of
Piagetian-type tasks to investigate children’s spatial thinking ourselves and also to .

- provide informal instruction that nurtures spatial thinking. Youngsters can try a “feel
and tell” grab-bag activity with familiar objects and geometric shapes (9), create block
constructions and share what they did with their teacher and classmates (15, 35), or
sitin a circle around an object, draw it, and compare drawings. Older children might
draw an object showing differeint perspectives, perhaps as part of their study ‘of mod- |
e art and cubism. ‘ oo

“The first task at the primary school ievel should not be to give a ‘foundation of
topological concepts’ nor a ‘preparation for symmetry” nor [is it] to convey ‘knowl-
edge of plane and three-dimensional basic shapes.’ Instead an early program of -
“geometry should make use of geometrical activities, mediate a readiness fo ex-
periment with paper, scissors, glue, strings, wood, etc., [encourage] a willingness
. to make sketches and exact drawings, and lead to thinking about these activities.
In short, a program should initiate geometrical actions, drawing, and thinking.”
{37, pp. 295-296) ‘ .

Spatial Sense

How would boys and girls do on spatial tasks such as finding triangles in a design,
solving Tangram puzzles, completing a symmetric figure, or replicating a 3-D sculp- |
ture made with Cuisenaire rods? (See Fig. 9.4.) Tasks like these involve various
_aspects of spatial sense such as interpretation of visual information, visual memory,

and visual processing such as rotating objects mentally (spatial visualization) and
recognizing relationships between various parts of a configuration. Spatial abilitics
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FIGURE 9.4 Spatial thirnkirig tasks

" How many triangles can yqﬁ find?
~. . How. did you find them?

'
‘
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Complete this rocket ship. ‘
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and visual imagery play a vital role in mathematical thinking and are important for
‘tCCh}JjQQJ!:SCjQI)ﬁ;ﬁ_C,_,OC,CLlPaﬁOnS (7, 12). e et e

"Spatial sense is an intuitive feel for one's surroundings and the objects in them.
To develop spatial sense, children must have many experiences that focus on
geometric relationships: the direction, orientation, and perspectives of objects in
space, the relative shape and sizes of figures and objects, and how a change in
shape relates to a change in size.” (28, p. 49) )

. The development of “spatial sense” in grades K—4 is a clear mandate in the Stan--
dards (28). "T'his carly attention to spatial thinking is supported by research of psy-
<chologists such as Piaget, art educators, and matheniatics educators who identified
developmental stages in children's drawings and other ‘areas of spatial thinking and
by rescarch on spatial training for boys and girls. A recent comprehensive SUMmary
of the research on gender differences in mathematics and science revealed that, up
to the mid-1970s, males outperformed females on many spatial tasks, but since then
gender differences in spatial abilities are declining and the diffeﬂrences‘ that remain are
responsive to-training (21). A close look at such tasks as mentally rotating a figure
~ showed that no gender differences existed on accuracy but some on speed were evi-
- dent favoring males. However, training reduced these differences. Research now
suggests that we should accept spatial abilities as malleable and explore what instruc-
tional interventions and experiences can ameliorate performance. ‘This recommen-
.+ dation is further supported by spatial training studies in primary grades using tan-
- grams (45) and via a unit the geometry of slides, flips, and turns (12). Children in-
‘ ptimary schools where the use of nianipu]atives predominated tended. to perform
i‘ _ better on spatial tasks than children in “material-free” schools (4). Collectively these
| ’ studies tell us to provide hands-on spatial activities in grades K—4 and to assess their
 cffectiveness for strengthening the spatial thinking of boys and girls. Since both boys
- and girls were found to vary considerably in accuracy and speed on spatial tasks, we.
nieed to be sensitive to time constraints and difficulty of tasks—perhaps presenting
activitics in a caming center where children can work at their own pace and choose
tasks at different levels of complexity: ' ‘ ' S ’

Figure—ground tasks

e - 8 @ 2 @
j ' ’ e / @ ’ :
! ) . . ) %
i . . e 3N WA
/ _ : ¢ How many rectangles can you find? How many triangles?
' * On your geoboard make overlapping rectangles and triangles that make more
triangles and rectangles. = _ : ‘
Record this on geoboard dot paper. ‘




GEOMETRY AND SPATIAL SENSE | 203

One research-based suggestion for the classroom is to stress children’s use of ma-

_nipulatives in activities that are designed tofoster aspects of spatial perception (5,12)

such as 1gure-gmmrd—ﬁdenﬁfying.&spgigj_fgﬁgygc, in a picture or complex configu=

_ ation) and spatial relationships (relating the poéiﬂtﬂiﬁaifmmore-obieem)iﬁg._,__‘._**
9.5). ’ o

' Another suggestion is t0 show children shapes, have them construct or draw what

 they see, and then respond to related questioning (“How did you see this? What did
you copy first? Next? Could you copy it another way?"), which further stimulates
spatial_thinking {45). Second graders who used tangrams of drew diagrams to re-create
visual images briefly shown on an overhead pr‘oiecfor_and then answered related
questions showed “dramatic improvements ift their spatial imagery Over the course
of a year” (45, p- 58). Moreover, this helped students . “develop geometry concepts
and learn geometric vocabulary, find geometric shapes in complex drawings, and.
develop such spatial operations as rotating images - - - They began to think about
visually presented images in more than one way and to elaborate on and extend their

~own ideas (45, p. 54)- ‘

A variation on the copy-a-shape task is to have children copy designs that encour-
~ age them to think about designs both Folistically and in‘terms of its parts (24)- Chil-
* dren might outline or color the designs on dot or-grid paper (5, 14, 24). Also, a child

can make a sculpture with color cubes or Cuisenaire rods and then tell a pariner,

" who cannot see it, how to make it, ‘which also fosters(¢ communication via spatial
vocabulary. Free play, and lots ofit, in s‘patial"cnvironments such as the “block cor-
ner” develops spatial thinking and promotes the use of spatial language (2, 15, 35)

ltalso provides a setting for informal assessment of visual-perceptual strengths. and

“weaknesses (12). Other ideas (24) include the use of two- and -threefdim(:nsional ;
‘puzzles, construction of solids with commercial or everyday.ma'terials (toothpicks,

 gmall marshmallows}, math-art projects, and position-in-space games (2) such as Si-
mon Says. For further ideas see the February 1990 Arithmetic Teacher, which focuses

on spatial sense. . o ,

Imagine “happiness.” Perhaps the image you have is of an event, 2 color, or “a

happy shape.” Spatial thinking can be thought of as a visual form of general “imag-

FIGURE 9.5 Spatial reiatibn_shibs task

Use cubes to make & buildirg like the one _shOWn. {12, p'.1'1") :
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FIGURE 9.6 An imaging activity

Asl children to i |mag|ne being a circle. What could you do? How might you feel? Think of a

“circular experience.” Have children express their-ideas-by-drawing;-oral-or-written-stories, or ——

""dramatizations.

Rache!

" Jess

Ben

Feeling Dnzzy

N
Roll Down a Hill

I Merry-Go-Round

: ing” (Fig. 9 6). The need for instruction on lmagery is suggnsted by a rpcent]y de-
veloped body of research on imagery and its role in learning, memory, creativity; and -

problem solving (38). Use of visual imagery. has proved effectlve in solving mathe:

- matics problems: Rather than make immediate use of numerical data in word prob-

lems, children were asked to close their eyes and imagine the’ prob]em situation,

draw a picture of it, and then add relevant numenca] data to the picture. This ap-

. proach generated new enthusiasm for mathematics and improved problem-solving -
performance, especially for children with low reasoning ability (26). Using geometry -
in this way should be part of every student’s repertoire for reprcspntmg and solving

prob]em: and for commumcatma mathemahf‘ally

The van Hielé Model of Geometric Thinking

"How does the geometric thinking experienced by students in the primary grades relate -
to their geometric thinking in the middle grades or even later when they study ge- ~
ometry in high school? This question was explored by two Dutch educators, Dina-
van Hiele-Geldof and Pierre van Hiele, who wére concerned about difficulties many -
of their stydents encountered in secondary school geometry. They believed that séc-

ondary geometry, which emphasizes deductive reasoning and proof, requires a.“high”

level of thinking and that their students did not have suﬁ:cnent prerequisite_experi- - . -
“ences in thmkmg at lower levels during the elementary grades. They formulated a,
model of five “levels of thinking” and proposed mstructlonal “phases™ to promote

. S

students progress from one level to the next (44).

The van Hle]e Model: Leve]s and Instruchona] Phases

‘According to the van Hieles, the learner, assisted by appropnate instruction, passes

through levels of thinking, from visual recognition of shapes by their appearance as




8
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a whole (level 0) to analysis and description of shapes in terms of their properties
(level 1) to three higher “theoretical” levels involving informal deduction (level 2),
then formal deduction involving axioms and theorems (level 3}, and finally work
with abstract geometric systems (level 4).

__Geometry in grades K-4 involves thinking mainly at Jevels 0 and 1, Atlevel 0 (the

visual level) a child judges shapes by their appearance as a whole. A square is iden-

" GEOMETRY AND SPATIAL SENSE 205

“fified because it “Jooks like one” P- M-van-Hiele-says;-“There-is-no-why.-One-just
sees it” (44, p..83). Young children need experiences that develop their global un-

“derstanding of geometric objects such as constructing and drawing shapes, fitting -

2- or 3-D shapes together, and looking for shapes in their-home and school
environments. O '

At level 1 (the descripti,ve—analytic- level) children think about shapes in term§ of

‘their parts and properties involving the parts. Through experimentation (measuring,
folding, drawing, or working with models), they discover properties of shapes such as
squares- have “four sides,” “all equal sides,” “all right angles.” They also use the lan-
- guage of properties to describe shapes and to explain solutions for geometric prob-
lems. However, they do not yet deduce certain properties from others or consider
- which' properties are necessary and sufficient for defining a shape. This occurs at
level 2 (informal deduction) when children begin to use deductive reasoning to estab-
- lish “why,” such as explaining why all squares are rectangles but not all rectangles are
squares. (See 10 and 13 for detailed descriptions of the levels and related activities
for children. ). o SR
The van.Hieles ascribed characteristics to the levels—such as being discontinuous

: and hierarchical with performance at one level requiring success at lower levels. Each -
Jével has its own language; for example, “square” on level 0 means a shape that “looks

like one,” while on level 1 it conveys a shape with certain properties, and on level 2
it is specified by a definition. The van Hieles assert that many failures in teaching
geometry result from a communication gap between teacher and students, who have
different meanings for geometric language and hence are talking on different levels.
Finally, progress within a level and-to the next level depends more on instruction
than maturation or age. ’ » L

The van Hieles (7, 10, 14, 44) also proposed five instructional phases to guide
students’ progression from ‘one level to the next on a topic: (a) information (two-way
conversation between teacher and pupils to acquaint them with the topic and to help

" the teacher see what they already think about it); (b) directed orientation (sequence

~ of activities to engage students actively in exploring the topic); (¢} explicitation (stu-

dents become explicitly aware the topic and learn related geometric terminology); (d)
free orientation (problem solving that requires use and synthesis of the topic); (e)
integration (students build a summary of the topic and relate this to what they pre-
viously learned). Children can cycle through the phases for various topics before
attaining the next level of thinking.

Research on the van Hiele Levels

‘Research on the van Hiele model in primary grades has focused on the usefulness of
_the levels for characterizing children’s thinking and on the impact of instruction on
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fostermg higher levels of thml\mg (Fig. 9.7). By using clinical interviews involving
tasks such.as drawmg, sorting, and describing shapes, researchers found that young-

e s —

sters think mainly at the visual Tevel (6, 7, 17). Results confirmed the hierarchical

aspect of the levels, but did not uniformly support discontinuity between levels since

‘_some children appeared to be in transition between levels-0 and 1, sometimes dealing
. with shapes visually, and other times in terms of properties (6, ) ‘oungsters exhib-
ited difficulties such as (a) recognizing shapes only in standard orientations; (b) in-

correct concepts (saying a rectangle has two sides, the vertical ones, and teferring to

the other two as'the “top" and “battom”); (¢} incomplete concepts (not.identifying a
‘triangle because it is “too skinny”); (d) imprecise terminology (“even” for parallel). °
Similar results and difficulties were fotind for students in grades 59, and theif levels

of thinking varied across different geometric topics (6, 7, 13).:Causes for the low level
of thmkmg iiicluded lack of instruction on geometry topics and emphasis on the

visual level, indicating that we need to assess the amount and quality of the geornetry-

instruction in our classes. Also, the research poirits out the necd to examine closely
students’ Pxp]anatnons not just the correctness of their : answers, to gain insight into
the quality of their thinking and their difficulties. :

* A brighter picture of how primary students can think is scen in several geometry :
“teaching experiments.” Findings of twenty coordinated studies of geometry learnmg

in grades -9 provxded overwheimmg evndence . that children can leam geo-

FIGURE 9.7 Arssessing‘ students’ lcvel of thinking

Investlgate how your students think about shapes. Show a page of geometric figures or cutout
‘shapes and ask, "which are triangles? . . . rectangles? . . .'squares?" Then ask "why".and "how
‘would you tell someone what to look for. if he had to pick out all the triangles . . .-." You might
repeat such questlomng aﬂer your |nstruct|on to see if your students thmkmg has changed :

4 e

|
|




GEOMETRY AND SPATIAL SENSE ' 207

metrical ideas if they are presented in an appropriate manner” (25, p. 26). Greatest
gains were achieved in grades 3-5 when instruction emphasized children’s making
shapes, finding examples in the environment, and examining shapes in terms of their
I~ - properties. Attainment of the descriptive-analytic level was reported for Soviet pupils

‘f‘u jn,grades-.l»—réfv(corrcspondiﬂg to-our grades 3-6)in 4 curriculum experiment during.

the 1960s. The Soviet primary program had been revised to reflect the van Hiele'

levels and to provide a more diversified, continuous treatment of geometry (33).

dren (grade 1) in a teaching experiment on quadrilaterals (17). Lessons involved only .

a little work at the visual level and instead stressed relationships between parts of
shapes and properties of shapes. Important factors in the instruction included chil-
dren’s use of models; activities with guiding questions to stimulate thinking (“Let’s
play detective with these clues . . what could it.be? . . . draw the shape in your
mind”); repetition and review, in particular of language for parts of shapes and prop-
erties; and a general-to-specific sequence of topics (quadrilaterals to rectangle-quad-
rilaterals to square-quadrilaterals) to help children think about subclass relationships
‘between shapes. '

“Logo” is a programming language that can be taught to young children. One

the descriptive-analytic level (7, 8, 19, 20). Creating a Logo procedure to.draw a
_ shape requires children to analyze a shape in terms of its parts (angles, sides) and to
reflect on how they can be put together. Children come to view shapes in-terms of
actions (90-degree turns) to construct them, and as 2 result, become explicitly aware
of those action-based conceptualizations. Children 'alSo'estainsh_relationships be-

tween shapes—for example, realizing that “squares are special rectangles” by observ-

ing that their Logo procedure for rectangle (with sides set equal) can make squares,
Features of these Logo environments included carefully crafted Logo activities that
were coordinated with. the math curriculum, cooperative problem solving, and use
- “of multiple representations of 'boncepts (drawings, list of properties, figures on the
screen, Logo procedures), which students were encouraged to interrelate (20). This
line of research promises to generate exciting developments in the future, such as

enriched Logo-based geometry curricula (1) and software designed to guide children

to explore topics and to develop more expert understandings (20).
_These instructional successes jn the primary grades and others in grades 5-9 (7,

higher levels of thinking. Althoﬁgh additional research is needed, especially teaching

Cxperiments that embody the van Hiele phases, the research offers many ideas for
classroom practice (Fig. 9.8). First, assessment tasks and instructional activities from
these studies can be adapted for use with our students, ,

* Sorting Shapes. Ask children to put cutout shapes into “families” such as the Right
Family (al] right angles) or the Four-Siders. Encourage them to find different ways
to do this, to invent appropriate family names, and to use informal language of
properties. ' S '

R
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4 o ' Drawing shapes with LOGO
i - Forward 160~ —_—
; . Righteo | - e s
c e : Forward 50
S Right 90
Forward 100
Right 90
Forward 50
Right 90
- * How might a studeit modify these square?
° What commands might the studen astage? |
g * Shape Detective. Turn over property cards one at a time and ask children to drawe -~ |
what shape .the clues specify. at each stage and tell when they are $ure they can ;
idfenftify'thé shape:(Fig. 9.9). At the end, you might ask which clues weie'niccessary,
Also, ask students to create clue puzzles for “geometry sleuth” classmates. o
* Shape Paths. Children use Logo-like directionis to tell how to draw 3 shape or walk
a path to certain locations (To Library: ahead 10 steps, ‘turn right, ahead €0
csteps . L L) o . - - S
Recommcndations,régardili,g the development of geometric _Iahguagc, particularly.

at the descriptive-analytic level, include: (a) relate unfamiliar new words to similar

~ familiar ones (triangle, ‘tricycle), (b) show explicitly that a term V(face,::s‘id’e)" has a
different meaming in mathematics than it does in everyday usage: (c) use cooperative.
learning, which promotés both receptive.and expressive use of language; and (d) pe-. -

b

| ’ . . .

FIGURE 9.8 "Uncover-the'-;shape task




FIGURE 9.9 UncoVering-property—c]ue-cards activity

What do 1 Iook
fike? Who am 1?

| #7 for angles ]

CEOMETRY AND SPATIAL SENSE T
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ety

Liz four anéles —]
Lﬁ;«l one obluse anglej
L#4 iwo right angles 7

| cues ]

Four clue cards have been turned over so far.

"Can we tell what shape it is?

Do we need all the clues 1-42 Explain.

‘What could clue 5 be? : : PR
‘Such questions can foster desciptive-analytic thinking about shapes and also lead to the next -

" level of informal deduction,

riodically review concepts and related terminology. Attention should also be given to
logical and metacognitive language (13). Encourage careful use of quantifiers (a]l,
some, none)and phrases for generalizations (“a squarchas . . .o mean “all squares

“have . /7 ). Words like “look at” and “identify” usually convey the visual level,

“while “property,” “discover,” and “explain” connote higher levels. Thoughtful use. of

. Recommendations can also be derived from research that_'ana’])iied‘ geometry cur-
- ticula in terms of the van Hiele model (13, 33}. An analysis ofthe'ge’omg:try material

in three major USA text series (K-8) indicated that the K-4 geometry lessons (aim,

- Cxpository material, exercises, test questions) dealt é]mdst-exclusivély with the visual

level (13). The cumnulative effect of such low level curricula is to limit, or even

impede, the dﬂei’opmlent of children’s geometric thinking during grades K—4. Little

® Analyze the expository and exercise material and related Sﬁggésﬁon§ in the teacher’s

guide before doing lessons and “fl] in” gaps, such as reminding students to “explain
why” when doing exercises in the text. '
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Maklng tnangles w:th straws cut in five lengths

lzz,z

ot & £ L)

|vararawararorararos)

Imagine children working in groups to make tnangles and mvestlgatmg
questlons such as:

¢ Canwe make a tnangle with any three straws" Make a conjecture about when :
" three straws will not work. : » h N
How are two tnangles alike? different?

“How can we sort the tnangles’? ‘ :
Where in our envnronment do we find these dlfferent types of tnanglea"

Such purposeful questions stimulate thinking at the analyttc-descnptlve Ievel
What other questlons might we pose'7 ’

e Implement purposefu]" activities that provnde a natural transmon toward a hxgher

Jevel. .

e Splral activities on geometry topics thouahout the cumculum to provnde a more

continuous experience with those topics. .
> Include questions during class discussions and on tests to assess thmkmo above the
* visual level. We probably will need to talk to children to assess the quahty of their |
thmkmg, especially youngsters who cannot adequately express their ideas in writing.

| Concept Learning in Geometry

“. How well do primary students understand such geometric concepts as angle, rectan-

rgle, cube? How might your students show they understand them? These are impor-
“tant questions since the geometry strand for K—4 programs contains a host of concepts
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involving two- and thiree-dimensional shapes. More generally, the Standards states

R

| that “the K=4 curriculum should be conceptually-oriented” (28, p. 17). However,

NAEP testing (18) indicates that many students demonstrate a Jack of understanding
of underlying concepts in mathematics. Surveys of classroom practice show “a heavy

children exhibit various types of misconceptions such as under-generalization, which
- can occur because they included irrelevant characteristics; over-generalization,
which can occur because some key properties are omitted; and languange-related
misconceptions (“diagonal” means slanty). Research on concept learning sheds some
" light on how children form concepts ( and -misconceptions) with implications for
ways to teach geometric concepts and also concepts in other areas of mathematics
(even/odd, factor) and in other subjects.
One way children form a concept is to begin with a few cases and by averaging
their features develop an “average representation” or prototype, which they use for
 categorizing new. examples (34). Children may form prototypes that include: extra-
~ neous or even erroneous features that can lead to misconceptions (7, | 3, 41} such as

- thinking of a shape only in terms,of cases in standard orientation; as usually found:
in the everyday world. However, beginning with “best examples;” that is, “cléar cases

| ‘demonstrating the variation of the concept’s attributes” (41, p. 281), can help d‘evé]oP
' ., correct concepts (Fig. 93] 0):- We need to provide “best examples” that are rich in
- imagery of familiar everyday objects and manipulative models that children have

worked with. Research (20) indicates that children should develop multiple represen-.

tations of concepts (everyday objects, manipulatives, diagrams, verbal deﬁnitioxxs).
~ Some children encode information better in a verbal format-than visual, others vice-

versa. Also, they should link representations for a concept, such as by drawing ex-.

- amples and giving a list of properties. . ‘

* Primary pupils are better able to learn geometry concepts when they handle models
and ‘use diagrams (7, 25, 32): They should experience both region/surface models
and side/edge models (Fig. 9.11). Children may find some aspects of shapes easier
to grasp with one type of model than another. Here too they can connect represen-

.~ tations for a concept—for example, interrelating angle as a “wedge,” made with two
fastened straws that open, a tumn of their body, or a Logo turtle turn.

- Itis important to present both examples and nonexamples of a concept (7, 28, 41)

as in the concept card (Fig. 9.12). Nonexamples have proved more effective than

examples for “difficult” concepts and when familiar prototypes- for a concept fre-

- .quently have irrelevant features. ‘Nonexamples should vary all irrelevant features..
- Carefully chosen nonexamples help children eliminate irrelevant features and iden- -

tify critical ones.

- The concept-card- approach helps children learn how to formulate a corréct defi-

nition. Ihital]y children can use their own language for definitions, although it will
‘ »!’C imprecise at times, and then through class discussion formulate a working verbal-
tzation using geometric terms. Youngsters may need to touch parts of shapes or con-
Crete models when explaining verbally. Children sometinies memorize verbal defi-
"."iOns and can spout them with ease, so we are cautioned not to rely solely on verbal
definitions to see if children understand a concept. Ask them to draw examples and
Nonexamples, or explain which cases are or are not examples and why.

emphasis on skill development and slight attention to concepts” (31, p-11). Also,
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FlGUR’E 9 10 Best examples

There are many examples of regular polygons.
- ‘Here are some best examples.

2inches * 1‘ihch
s (41, p. LB2). What'

< used these best examples tp learn aboul regular polygon
les w0rk besl for :

could we have used'? We mxghl lnv.stlgate whuch examp

other examples’
-our sludents. -

FlGUIlE 9.'11 R °1on/surface moa°ls and 51d°’ed0e mode]s
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FIGURE 9.12 Coneept card with examples and nonexamples

- “declarative specification” of the concept—that is, a statement of “

These are Dubs.

These are ot Dubs.

Which are Dubs? 7

What s a Dub?

~ Children can identify examples of a concept by fhinking in terms of protdtypes,

which has advantages (speed in recognizing familiar examples) aﬁd:disadvantages :

(misidentification of unusual cases). Another way is to use a rule or definition for the

concept, that is, to think in terms of key ﬁropertigs of the concept. Rule-based con- ,
 cepts are powerful in that they enable one to identify and generate. examples and
nonexamples and also to deduce conclusions from thern (34). '

One way to express a rule is by a verbal definition or list of p’rbperties called a

~by teiling how to make it with manipulatives (“take four sticks the same size, put two

like this for a Square corner, and then'. . ") or by a Logo procedure.. Children can

* se one type of specification to understand another—for example, a third grader who

came to understand her textbook’s declarative definition for square by thinking about
héf procedural Logo-notion. o o ,
We can incorporate examples and nonexamples, best examples, and different rep-

- Tesentations of concepts into discovety and expository lessons for introducing geo-

Metric concepts.

ereet T

. o

e

e HOE,

=S,
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-Formulating a declarative ‘Héﬁrﬁﬁéﬁﬁﬁi’ifﬁrocedural one T
Confused by her text’s definition for square (a quadrilateral with right angles and
“equal sides), Jenny. reflects on her Logo experiences. “l need four FORWARD
100 and four RIGHT 90... so oh-. .. four sides. . . equal sides . . . right an-
gles . .. yeah, | got it now.” How might Jenny think about rectangles? Might she

think of squares as special rectangies? .

o ~Discovery Lessons. Present a concept card on the board and guide children to for-

:mulate and test a rule for the shape. One variation: is to present the examplés and
nonexamples one at a time (on the board or via computer “guess-ry-rule” software)

- and challenge children to predict where they go and why (Fig. 9.13). Another vari-
ation is to have children work individually or in small groups on concept cards in a
learning center and later share their definitions. S

Expository Lessons. “First present two “best examples” (leaving them out for view-

ing), next give the critical features of the concept as they relate to the examples, and
_then provide questions structured to have children check each critical property for
. several cases. This approach proved more effective for teaching third and fourth grad-
ers geometric concepts than did those not having “best examples” or not using ex-
‘amples and nonexamples (41), suggesting why the expository material in many texi-

- books may not suffice for developing concepts——namely, examples are seldom “best
_examples,” nonexamples are rare, and exercises usually ask only for identification,

©. not “why.”

' - ‘FiIGURE 9.13 Guess-my-rule sort of éx;inip]éé and hbﬁcﬁaf_ﬁp}es

Isita Dub? .

YES S NO . e Wherewmthé‘se_go?
“ T ‘What's the rule?

o
:: , -
<7 |
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‘Checklist of critical properties

_Answer these questions about shapes A, B, C, D. ,
o Is it a polygon? - : © YES NO
Does it have all sides of equallength? YESNO -
Does it have all angles equal? YES NO
Is it a regular polygon? A YES NO

their actions, and sharing their jdeas with classmates and the te;;cher. Third, instruc-

tion should feature a variety of methods (play, leaming center, projects, direct teach-
mg). Teachers are cautioned that methods dominated by workpages can have a cu-
mulative negative effect over a year or two, stultifying youngsters’ dispositioi to learn.
Finaily, childien need opportunities to engage in activities that call for extension, '
claboration, and 'cohtinua_tionf of ideas and for sustained eﬁoﬂ over time (days and

for your classroom.
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FiGure 9.14 Patterns and geometric designs -

'sﬁapeb()oks;» others -fashioh colorful dfe'sigrjs:.that become part of a class “paﬁcrljs" o

wall mural. A culminating aétiVity might be to make functional “pattern” objects
~-such as desigllgr T-shirts, ‘bracelefs,‘ Or soup can pencil holders. - .
Let’s Build Ii. Children design and build some large construction like 3 _geodésfc_
'»greén'ho_usg', big-box learning center for their classro_()m,‘ or imodel school bus ( 16),
integrating skills i, geometry, measuremnent, estimation, and construction. A discus-
sionof the properties of shapes and their uses in constructions can lead to an explo-
ration of relationships between “form” and “function. B '
- The Block Corier. Children enjoy building blocks. Their teacher capitalizes on
this interest and creates block task cards (Fig. 9.15) that- guide children to discover
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relationships between blocks (two &R s make 2 “circle” wheel; four B s make 3
long block). As variations, the teacher creates similar task cards involving “found

objects” such as woodscraps and cereal boxes and Water-blocs (soft 3-D-shapes that

adhere-wherwet) for use 3t the water table.

Triangle Investigations. Using the van Hiele phases to design a mini-unit on tri-
angles, somC'teache{s work together to prepare activities involving geoboards and
' straws and pipe-cleaner connectors. In their classrooms colorful displays show that
children have explored triangle designs on geoboards and dot paper (information).
Next children made triangles with straws cut jn various lengths, sorted them 23

- equal sidés},.leamed names (scalene, isosceles, equi]'a_ter’al),'-hnd discussed why those

-mobiles-of straw shapes to show the relationship between triangles and polygons that -

they had investigated previously (intetgration) (Fig. 9.16). Still later téachers plan a-
similar cycle of activities on Quadrilaterals. :

A Model City. Integrating geometry with children’s study of their néighborhdod or

- city, the class constructs 2 “model city.” Working in committees (Bureau of Streets),

-+ they design and build a model ‘city. .Functional aspects. of ‘geomelry (paralle} and
_perpendicular lines, angles for streets; types of solids for buildings)-are a natural part

- of this environmental geomeétry project. Children ‘might also explore the “city” of

- American Indians or early settlers who lived in. their area, noting geometric designs
~ in‘their clothing, crafts, and living quarters (40).

- FléﬂRE 9.15  Activity cards in&olvi’ng building blocks

I

|

‘Make a boat.

How many
did you use? -

S I PR

Make a CAR

[Fm—

i

QSR el

e SRR,
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FIGURE 9.16 Mobile of shapes for families of triangles and polygons

t

’.Fn_ee'oriéntéti'on activity a_bout‘tfiangl'éfs ona ‘g'ébbo-’al:d'

&0

@ @ ‘@
w X v
i e o ® ® o
| P Q R S T

* How many isosceles triangles are there with side AE? 'with acorner at A? at
* Explore: What if we pick: other points for a corner?

Conclusion

The reséarch provides us with perspectives for reflecting on the geometry leaming
environment in our classroom today and ‘also for planning for the future. It chal-
- lenges us to provide a richer, more continuous activity-oriented program in geometry.
" It also. offers principles and effective approaches for classroom practice. Finally, as we -
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Now
THINK
about the FUTURE

_Imagine a classroom whose ge-
ometry environment includes a
math program that reflects the
Slandards, a rich assoriment of
manipulatives and carefully craft- | .
4 ed aclivities, and also some edu- ;
~ cational'technology resources. v \
Add a group of naturally curious
- youngsters who bring a rarige of
-interests, abilities, and under-
| -standings. Finally, add a catayst,
‘a knowledgeable and enthusiastic
~ teacher, who is interested in-how
children think znd learn and who
. gradually,inco‘rpor_ates new ideas
~ for teaching geometry into the
classrobm and “researches” how
‘- they work.
_ Now what do we have? -
"Vrooooocomilt” (from Dr.Seuss)

N
 ingredients for the kind of
1-.geometry learning environment that you and
" your students would probably love for their
classroom and that researchers on teaching
1. and learning in geometry would applaud. "

We.have.the

GEOMETRY EXPLORER

help youngsters-become explorers of geometry, the research invites 'us to raise and
-address questions about ways to improve the teaching and learning of geometry in
our classrooms. :

S |

This chapter has meéssages for several audiences. Teachers need to think about the

- geometry they should teach and how they can use research-based ideas in their
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teaching Those tesponsible for pre- and in-service training are challenged to pro-

" vide experiences that develop teachers’ geometric thinking, enthusiasm for geome.
try, and sensitivity to children’s thinking about geometry. Researchers need to ex.
plore the nature of children’s geometric thinking and ways to develop it in a variety

- of primary grade settings. Finally, we all need to share research findings and to

~ work together to translate them into classtoom practice. :
David |. Fuys

Reflecting on the geometry learning environment in my classroom, [ wonder about
' ways to create a more global .and integrated geometry program. I am ¢oncerned

about using time wisely and how to “fit in” all the important topics. I-need to eval-

- uate the activities my students currently use and identify additional resources for 2

_more stimulating and enriched program. I wonder where I cdn find such resources,

and how I can implement them using research-based approaches. Finally, [ feel the

need to interact with cblleagues about our concerns, resources, and innovations in-

volving the teaching and learning of geometry-in our classes. N

' o ' o R ‘ . Amy K. Liebov

About the Authors |
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