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T
he use of technology raises interesting
questions and presents unique opportu-
nities for in-depth classroom investiga-
tions. These opportunities can open a
whole new world of understanding to

our students. Trying to understand a calculator an-
swer that may be different from the answer in the
back of the text or what the class determines is the
“correct” answer can be a powerful motivator.
Technology also occasionally gives incorrect, or at
best highly misleading, information. For example,
enter nDeriv(abs(x),x,0) on a TI-83 and it returns a
value of 0, in spite of the fact that the derivative of
|x| at x = 0 does not exist. Technology can also give
our students a false sense of familiarity with and
understanding of certain concepts. Ask a student to
evaluate 312 and you will quickly (assuming their
calculator is handy) get an answer of “about 4.73.”
Persist by asking what the expression means and
you are likely to get a blank stare. Some of us at-
tended high school and college without the aid of
scientific or graphing calculators. We had the advan-
tage of using calculus texts in which the authors
were careful to talk about ax only in the context of 
a > 0 and x rational until, for example, ln(x) could
be defined in terms of an integral, ex defined as its
inverse, and the Intermediate Value theorem in-
voked to give meaning to ex, when x is irrational.
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Then the author(s) defined ax, for a > 0 and x any
real, by ax = exln(a). (See, for example, Protter and
Morrey 1964.) Add to technology a current high
school precalculus text asking students to find the
value of (–4i)1/10 and you have a scenario in which
students are likely to be confused (whether they 
realize it or not) about the properties of complex
numbers.

The purpose of this article is to investigate a spe-
cific instance when high school students found an
answer that coincided with the textbook answer
but was different from the one given by their calcu-
lator. We will explain the reason for the difference
and continue the discussion to extend the defini-
tion of powers of numbers to powers that involve
complex numbers as the base or exponent. The fact
that many calculators are now capable of comput-
ing a power such as (3 + 2i)(–5 + 7i) leads us to believe
that we should be ready to explain to our students
the basis for such computations.

Here is the difficulty encountered by students in
Barbara Ciesla’s high school precalculus class when
they found that their text and the TI-83 Plus dif-
fered on what was the principal root of a number.

“For example,” they said, “the TI-83 Plus shows
that (8i)1/3 = 1.73 + i ; and this answer agrees with 
the text. Also, according to the TI-83 Plus, (–4i)1/10 = 
1.13 – 0.18i. However, the correct answer [i.e., the
answer in the back of the book] is 1.02 + 0.52i. The
TI-83 Plus only gives the correct answer when the
problem is entered as (–4)1/10

• i1/10. We can’t guess
when to enter a problem in a different form to get
the right answer. Why is this occurring?”

Here is a unique opportunity to do some explo-
ration into regions where few high school students
tread. In addition, many undergraduate mathemat-
ics education programs do not require a course in
complex variables, leaving any coverage of complex
numbers to occur sporadically in the curriculum.
Thus, many teachers do not have a ready answer to
the question posed.

We will assume without proof that a strictly in-
creasing or strictly decreasing function is one-to-
one, and thus invertible. For example, f : R→R
defined by f (x) = x3 has inverse f –1(x) = x 1/3

(fig. 1). Thus, for example, we can speak unam-
biguously about (–8)1/3. Not so with 41/2. We must
all agree that unless instructed otherwise, 41/2 = 2,
the positive number whose square is 4. Why is
such an agreement necessary? Because f (x) = x 2 is
not a one-to-one function when defined on all real
numbers (fig. 2). By restricting this function to
nonnegative or nonpositive real numbers, how-
ever, it is invertible, and its inverse is f –1(x) = x 1/2.
Thus, if we define f : (–∞,0] → R by f (x) = x2, 
then f is invertible and f –1: [0,∞) → (–∞,0] is
given by f –1(x) = x1/2, where this means the 

nonpositive number whose square is x. Therefore,
f –1(4) = 41/2 = –2.

Before moving on to the more sophisticated task
of taking tenth roots of a complex number, we
would do well to recall some facts about some im-
portant functions in mathematics. The function
ln(x) is a one-to-one function, while the functions
sin(x) and cos(x) are not (figs. 3, 4, 5). We will ac-
cept from calculus that ln(x) is an increasing func-
tion, defined for all x > 0, and that its inverse e y for
y real, is that unique number such that ln(e y) = y.
You will recall from trigonometry that to define the
inverse sine and inverse cosine functions, the do-
mains of sin(x) and cos(x) are restricted to –p/2 ≤
x ≤ p/2, and 0 ≤ x ≤p, respectively. These two func-
tions, thus restricted, are both one-to-one and their
inverse functions exist. Of course, one could also
restrict their domains to certain other intervals and
define inverses on those intervals. We define
sin–1(x) = y if and only if sin(y) = x and –p/2 ≤ y ≤
p/2. Also, we define cos–1(x) = y if and only if
cos(y) = x and 0 ≤ y ≤p.

A complex number z = a + bi can be written 
z = r(cos(q) + isin(q)), where r = 6a2 + b2 and q is
the angle, 0 ≤ q < 2p , formed by the positive x-axis
and the ray extending from the origin through z
(fig. 6). Students appreciate the labor-saving 
De Moivre’s theorem, zn = rn(cos(nq) + isin(nq)), 

x

x

Fig. 1 y = x3

Fig. 2 y = x2
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and its corollary for taking roots of complex 
numbers:

This theorem and corollary lead one to believe that
there are n distinct nth roots of a complex number.
Should we attempt to designate one of them as the
“principal” nth root? If so, which one? Even the
calculators (actually, the calculator programmers)
seem to have trouble with this question. The TI-83
Plus gives –2 = (–8)1/3, whether in real or “a + bi”
mode. However, when entered equivalently as 
(–8 + 0 • i)1/3, the calculator gives an answer of 
1 + 1.732i, whether in real or “a + bi” mode. The
TI-89, on the other hand, gives –2 = (–8)1/3 = 
(–8 + 0 • i)1/3 in real mode, and 1 + 13i = (–8)1/3 =
(–8 + 0 • i)1/3 in rectangular mode.

Let’s get back to the original question about
(–4i)1/10. Since –4i = 4(cos(3p/2) + isin(3p/2)),

Using k = 0 (a natural choice for the “principal”
root), one obtains an answer of 1.02 + 0.52i, the
answer that the students obtained and that coin-
cides with the answer in the text. Why does the
calculator return a different answer? At first one
might assume a different choice for k was invoked.
However, the answer lies not with the choice of k
but with the choice made earlier about our restric-
tions on the value of q. What if we wrote –4i =
4(cos(–p/2) + isin(–p/2))? Perhaps the TI-83 Plus
chooses q such that –p < q ≤ p instead of 0 ≤ q < 2p.
Now we have

Again using the value k = 0, we obtain 1.13 – 0.18i,
which is the answer the TI-83 Plus gives.

Now that we have a likely explanation of why the
TI-83 Plus returned this answer, what about writing

By using q = p for –4, q = p/2 for i, and k = 0, one
obtains

the answer the students got, and the answer the 
TI-83 Plus gives for

So now we have another dilemma. Why does the
TI-83 Plus violate the rule (ab)p = apb p? Or does it?

We begin our investigation of this question by
asking the following: “What does zw mean when z
and w are complex numbers?” For example, what
does (1 + i)2i mean; and if it is meaningful, can it be
written in a + bi form?

Let’s start with a function with which we are fa-
miliar and determine whether its domain can be 
extended to the complex numbers. First we will 
define eiq = cos(q) + isin(q). This might seem a bit
strange the first time one encounters it, but one
motivation for this definition can be seen by re-
membering some series from calculus:
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Although the following is not legitimate without a
treatment of convergence of complex series, notice
that

This last expression, assuming it makes sense,
appears to be eiq in series form.

We have what seems to be a reasonable defini-
tion for ei q, and we can now define ez for any com-
plex number z = a + bi by

ez = ea + bi

= eaebi

= ea(cos(b) + i(sin(b)).

Notice that this is an extension of the function 
ex : R→R because if z is real, z = a + 0 • i, so ez =
ea(cos(0) + isin(0)) = ea.

The next fact we should note about our newly
defined function is that, unlike its restriction, ex on
R, ez is not one-to-one. In fact it is periodic, as the
following shows:

In our journey toward trying to make sense of
zw, let’s now remember that for real numbers a and
x, with a > 0, ax = exln(a). In fact, this is a definition
of ax for x irrational. Might a similar definition
hold for complex numbers? If so, we must first de-
fine a logarithm of complex numbers, a task that is
complicated by the fact that the function ez is not
one-to-one.

We will leave it to the reader to justify the fol-
lowing, or consult Marsden and Hoffman (1999),
for details.

1. ezew = ez + w for all complex numbers z and w.
2. ez = 1 if and only if z = 2npi where n is an integer.
3. Define A = {a + bi| –p < b ≤ p} and denote the

set of complex numbers excluding 0 by C\{0}.
Then the function f(z) = ez is a one-to-one map-
ping of A onto C\{0} (fig. 7). More generally, 
if we define Ay = {a + bi|y < b ≤ y + 2p}, then
f(z) = ez is a one-to-one mapping of Ay onto C\{0}.

The reader is encouraged to investigate the im-
ages of the lines y = p, y = p/4, y = 0, and y = –p/4
under the mapping ez. Understanding this, and the
image of the line y = q, for –p < q ≤ p, will lead to a
clear understanding of why ez is a one-to-one map-
ping of A onto C\{0}.)

We can now define a “branch” of the logarithm
function for complex numbers. If z = a + bi is a
nonzero complex number, then logA(z) is that
unique number such that elogA(z) = z. In fact, logA(z) =
ln(|z|) + iq, where q is the argument of z satisfying
–p < q ≤ p. This is verified by observing that
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and

We can now define zw, for any complex numbers
z and w, by zw = ew logA(z). For example,

This result is approximately equal to 0.160 +
0.133i, which is the same answer the TI-83 Plus 
returns. Suppose, however, we were using the
branch of the log function defined by using

In this case,

This result is approximately 0.000000577 +
0.000000463i. Thus, as one can see, the value of zw

depends, in general, upon the branch of the log
function being used. This should not be too surpris-
ing, because when using the corollary to
DeMoivre’s theorem to find the values of z1/n, we
find that there are n solutions. In general, the fol-
lowing can be shown, and the reader is referred to
Marsden and Hoffman (1999, p. 33) for details.

THEOREM. Let z and w be complex numbers with 
z ≠ 0. Then

1. zw is single valued if and only if w is an integer.
Single valued means that the value does not de-
pend on the choice of the branch for log.

2. If w is a real rational number, and if w = p/q in
lowest terms, then zw has exactly q distinct val-
ues, namely, the q qth roots of z p.

3. If w is real and irrational, or w is not a real
number, then zw has infinitely many values.

Now let’s return to the problem that was so trou-
bling to the precalculus class:

However,

and

=

=
+

⎛
⎝⎜

⎞

i e

e

A i

i

1

10

1

10

1

10
1

2

log ( )

ln( )
π

⎠⎠⎟

=

=
⎛
⎝⎜

⎞
⎠⎟

+
⎛
⎝⎜

⎞
⎠⎟

e

i

i
π

π π

20

20 20
cos sin .

( )
log ( )

ln( )

ln

− =

=

=

−

+( )
4

1

10

1

10
4

1

10
4

4
1

10

e

e

e

A

iπ

⎛⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

=
⎛
⎝⎜

⎞
⎠⎟

+
⎛
⎝⎜

⎞
e

i

iπ

π π

10

1

104
10 10

cos sin
⎠⎠⎟

⎛

⎝⎜
⎞

⎠⎟

( )
log ( )

ln

− =

=

−
i e

e

A i
4

1

10

1

10
4

1

10
(( )

ln

4
2

4
20

1
10

+
−⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

−

=

i

e

π

π
ii

i=
⎛
⎝⎜

⎞
⎠⎟

−
⎛
⎝⎜

⎞
⎠⎟

⎛

⎝⎜
⎞

⎠⎟

≈

4
20 20

1 1

1

10 cos sin

.

π π

33 0 18− . i

( )
log ( )

/π1 2 2 1

2

2+ =

=

+
i e

e

i i iA

ii i

i
e

e

ln

ln( )

(cos(ln

2
9

4

9

4
2

9

4 2

+
⎛
⎝⎜

⎞
⎠⎟

−
+

−

=

=

π

π

π

)) sin(ln )).+ i 2

2

= +A a biπ || .
π θ π
2

3
2

< ≤
⎧
⎨
⎩

⎫
⎬
⎭

( ) log ( )

ln( )

1 2 2 1

2 2
4

+ =

=

=

+

+
⎛
⎝⎜

⎞
⎠⎟

−

i e

e

e

i i i

i i

A

π

π
22

2

2 2 2

+

−

= +

i

e i

ln( )

(cos(ln ) sin(ln )).
π

=

= +

e e e

e i e
A

z
A

a bi

a

log ( ) log ( )

ln( ) arg( aa bie

a bi

z

)

.

= +
=

–10

–10

10

100

5

5
x

f

–5

–5

–10

–10

10

100

5

5
x

–5

–5

Fig. 7 f(z) = ez

A = {a + bi| – p < b < p} C\{0}



Vol. 99, No. 5 • December 2005/January 2006 | MATHEMATICS TEACHER 371

Therefore,

So does the TI-83 Plus violate the law (ab)p =
apbp? As this example shows, this law of exponents
does not apply to complex numbers.

In summary, we would argue that merely showing
our students DeMoivre’s theorem and its corollary,
and then asking them to practice by finding some
“principal” root of a complex number, only furthers
the misguided idea that mathematics is just a bunch of
formulas to be applied to arrive at someone’s given an-

swer. Also, students would do well not to take an an-
swer at face value, no matter what its source.
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