Sample Final Problem 1

X"—4x'-5x = 0 — change it to a system and solve it using chapter 6 techniques...

Converting to a system ~10 points
Let y = X', which naturally means y'= x".

Substitute into the original equation to get y'—4y —5x =0.
X'=y
y'=5x+4y’

So, here's our system of two first-order equations:

X' 0 1|x
We write this in matrix-vector form so we can apply techniques from chapter 6: {y} = L_) 4}[ y] If we let the

X 01
vector X = { } , and matrix A = [5 4} , then the equation can be written as X'= AX.
y

Solving the system ~10 points

To solve the system, we know that the first step is to find eigenpairs. So, I'll find the eigenvalues for matrix A.
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=0,50 A -41-5=0=(1-5)1+1)=0, and therefore eigenvalues are 2, =-1and 1, =5.

1 1|v 0
Now, | will find an eigenvector to pair with 4, =—1. To do this, | must solve {5 5}{ 1} = {O} (If I were to
V2

: . 1 1|0 1 1/0 .
augment this system and put it in RREF, I'd have L 5‘ O} = {0 0‘ 0} .) So, this means that 1v, +1v, =0, or

1
v, = -V, ; | pick something simple like [ J (any vector having opposite entries would be fine).

-5 110 - 0
Finding an eigenvector to pair with 4, =5 is an identical process. [ 5 1‘ 0} = l:l % 0} , SO
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-5y, +v, =0=v, =5v,. | select L}
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My general solution to the system is X = cle‘{ J +c,e” {5}

Using the initial conditions vector to find the final answer to the IVP ~5 points

-\ |2 2 1 1
With the initial condition as given, Y((O): [0} , We can substitute in to obtain {0} = cleo[ J + czeo{s} , Which

givesus ¢, +C, =2 and —c, +5¢, = 0. We can easily solve this to obtain c, =% and ¢, = % The final

1 1
solution to the IVP is therefore X = §e‘t + 1e5t .
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